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2 u°o+2u°,+2ugo)

—-=+ _+2)-—08047

V2 V2
I=1m=0,ul, =

(udotudotuf  +ud_ +21 )

( 0+1+4 -;—+-—;—-+ 2 ) = 0.5690

1
V2
|+"3,|+”?,z+"ﬁo+2“?,l)

1= 1,m=-l,|‘:}‘l =

S

o+ 42 L ) = 0.4024
(o+ v 5 HO+ =t
n=1ul, = (u I'+l.m+u;-l,m +“;.m+1 +u] ey +2ul,)

I=0,m=0,u2,

(u gt uly otup, +up _+2u 5

(4uj o+2u} o)

(4X0.56904+2x0.8047) = 0.6476
I=1,m=0,13, = (u, otulotul (+ul _y +2ul o)

= —6- (0+40.8047+2 % 0.4024 -2 X 0.5690)
= 0.4579

I=1lm=1u, = %" (“é,l'*'“(').l+“},z+“}.o+2“}.l)

= -1 (0+2x0.5690+0-+2x0.4024)
= 03238

5.6.. Implicit difference schemes ‘
.The implicit difference schemes can be derived from the equation

F(pupit = r[(1+4082)71824(1+082)-182] uyi! (5.171)

where F(p,) is an approximant to [—log (1—,)] and o ic arbitrary.
"The difference formula

[(A=7p)pdultt = rl(14-082)1824+(1+082)~182] up' ! (5.172)

bas order of accuracy (k+h?) for arbitrary v, and o.
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The order of the difference scheme (5.183) is (k2+h?) and this order in-
creases to (k2+1*) for y,, ¥; arbitrary and o = 1/12. Furthermore, from
(5.84) it is obvious that the stability (unconditional) of (5.183) depends on

| the conditions

1—2y,+4ys > 0,7, < land o < — (5.184)
3

" The region is shcwn in Figure §.5.
Equation (5.183) can be arranged as
[14 (o —rw; )(82+82)+(0?—2rowy)3287%u} !
= [wiat(awi2—rwis)(824 82) +(0%wi2 — 2row3)8383Nu7

—[wigt-(owyg—rw sH82+82) (o4 — 2r&w|5)5§3§]u;'_,‘”' (5.185)

where win = 2c(1=y+72), wi2 = 4e(1-7)),
wis = 2c(—=y1+2y2), wiy = c(1-2y)),
1
wis = 2¢¥3, ¢ =33y

In order to factorize the operator on the left-hand side of formula (5.185)
the terms r2w?,3282,2+! and r2w} 826%a"u] ,+F*u] ') are added to left and
right sides of (5.185) respectively, leading to

[+ = rwi )32+ (o —rwi)d2ul ! = [wipt(owa—rwi)(8;+3])
+(0?wia—2rowi+a*riw? )82820us,, — [wia+(owia—rwis)(3+8))

+(o?wyq— 2rwis— B*riw} )80l ! (5.186)

I,m

where a* and B* are arbitrary.
The termsadded in (5.186) do not alter the orderof accuracy if «*+g*=1,
but can have a decided influence on the stability of the formula. In addi-
" tion to (5.184), the conditions for the scheme to be stable (unconditional)
area*+B* = 1, B*+1 > 0 and 1+a*—pB* > 0. A set of values satisfying
these conditions are &* = 2, B* = —1. The values of the parameters ¥, and
y2 can be chosen with the help of Figure 5.5 satisfying the stability conditions.

The multilevel schemes both explicit and implicit for (5.152) can be ob-
tained in a similar manner.

The methods (5.180), (5.181), (5.182) and (5.186) are unconditionally
stable. However, the use of these methods requires the solution of a large
number of simultaneous linear, algebraic equations at each time step. The
iterative methods are usually utilized to obtain the solution. Regardless of
the iterative method used, the number of iterations required to achieve a
modest numerical accuracy may become large, particularly for large time
increments and small space mesh sizes.
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We now introduce the methods which are unconditionally stable and in
application require much less computationefforts than the above methods.

5.6.3 Alternating Direction Implicit (ADI) methods

The methods are two step methods involving the solution of tridiagonal
sets of equations along lines parallel to the x and y axis at the first and
second steps respectively. In-Peaceman-Rachford ADI method, the first step -
in advancing from 1, to t,+k/2, the implicit differences are used for d?u/ox?
and explicit differences are used for d%/dy2. In the second step in advancing
from t,4-k/2 to 1.+, & reversed procedure is used. Accordingly the difference
approximation to Equation (5.152)-can be expressed as

n+1/3 o0
(i) “Lm L /z“m = Wil + b8y,

o) |
(ii) ——_k_/f—— = b~ Byt +h28up it (5.187)

which may also be written as

0 [1- 3 Jozn =[5 8},
(ii) [1— L 83] uphl = [1+ —82]u~+'/= ' (5.188)

The intermediate value /'}!/2can easily be eliminated to obtain an equation

relating the solution at fas to that at fa. Subtracting Equations (5 187ii)
from (5.187i) and simplifying, we get

un+l/2 = ——(u"+'+u,m)——83(u":'—tl;'_,,,) © (5.189)

If the function value «}'};!/2 from (5.189) is substituted into (5.187i), it follows
that ~

ult! —uy, = ——(8’+8=)(u"+'+u, ,,,)- —_ sg(u,";f,'—u, w ~ (5.190)
which is the same as (5.181)

Another two step alternating direction implicit difference scheme to (5.152)
is the Douglas-Rachford difference scheme. Here, we first move forward in
time in the x-term

ul.;.+l —“?,M _28 .'+| » h_zsz ’ (s ]9‘)
———-——k———' = —2—’1 2(ll +u,,,,,)+ ,uf.,,, .
and then correct by moving forward in time in y-term
n

+1 n
M—;—mﬁ- = ——Ir"sz(u""rl +ur )+ —%—I:"’ﬁ(u""'%—u,’f,ﬁ (5.192)

l.m
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We have
fn=0, —u? | +14u]2 -2 |
. = 0
= U oyt 10“1,". FU] i
l=0,m=0, —ul2, +14ul/%—ul'2
= uj —1+1°”30 +"81

14ul/2 —2ul2 = 1o+2\/7 = 11.4142

I=1,m=0, —ulll +14u}/2 ~u}/3

= 1+10”1 o+"1 o

~u/3+14ul2 = 10

==+2 — = §8.0711
v + V2 v
14 -2 T ul2 11.4142
or =
L-1 14 J| ulf? 8.0711
uy = 0.9069 ul’2 = 0.6413
I'=1,m=1, —ui2+14u}/?—u!?2
= “?,c+ 104) | +“?.2

1 1 1
Mul2 = —— 410 —== —=—+0+0.64I3
o 1/2+ V2 \/2""+

or ull? = 0.4535

n=0, —u, +4ul,—u, ., =u3, +10u)244!2
I'=0,m=0, -y _ 1+ 1405 o —ul |
= u"20+10u”2+u}"§
14ug 0= 2u, = 2u}’2 24 10u/2 = 10.3516
I=0,m=1, —ul,+14u} ,~u,
= “'.’f,1+10u(',{f+u}",2
=up,ot14uy = 10u}/2+2u}2 _ 7 3,
[ 14 -2 ][”(I)o] [10.3516]
or = ‘
-1 14 uo,1 7.32
”(l:,o = (.8225 uo', = 0,5816
I=1,m=1, — Uit 14ul —ul,
= ulf2+ 10u}2+4-ulf2
14u} | = 5.7579
or uj = 04113
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5.7 ADI METHODS FOR EQUATIONS IN TWO SPACE
VARIABLES WITH A MIXED DERIVATIVE

We construct the finite difference methods for the solution of the equa-
tion

u 3 u u
G=A gt +c 2 < (5.201)

A>0,C>0, B> < AC

in the region R = RX[0 <t < T], where R = [0 < x, y < 1],
The initial and boundary conditions to be associated with (5.201) are
given by (5.153). The nodal points in R are defined by (5.154).

5.7.1 Two level implicit difference schemes
We write the two level formula as

[1+ (o= (1 =7)rd)89) [1+(o— (1 —y)rC)82uy
= {[14(o+y,r4)83] [1 +(f'+?trC)3§]+(l —=27)r?A82C8%ur

+2rB [ C,(o“)+0m)+(—;- -c ) (6 +0) ] u . (5.202)

where o, y; and C, are parameters and
1 pr— — —-—
of )u;‘, m u;'+1. m+-1 u;l. m+1 u7+l. m+u;', m

(2),,n pu—— — M -—yh
U = Uimit Wit it~ Y m U
oNyr =yt —yn —yn dur
iL,m l,m 1=1,m 1, m—1; 1-1, m—1

0«)“7. m= u;'-i-l. m— u;'. m- u;l-H. m—l+u7. m-1 (5'203)

Substituting (5.158) into (5.202), the characteristic equation is obtained as
[ 1= d(o— (1 =,)rd) sin? %i][ 1=4{o—(1 —y)rC) sin® —ozfi] ¢

= [1-4w+rraysint L |[1-atotrircy sims 22 ]

+ 16(1—2y,)r2AC sin? oé—hsinz Sah

0ih .

0,h
2 2
2 sin

+8rB [(4C;— 1)sin? ——

9,
—sin #zh cos —E'-'- sin 1—— cos %2 ] (5.204)
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The values v, = 1/2, ¢ = 1/6 and C, = 1/4 give the optimal formula

[ 1+(%—%m)a§][ l+(%—%r€)8§]u;";:'
=[ 1+(—é—+%m)sg][ 1+(%+-;—rc)s;]u;§m

_*_%,.B[cu)_;.,(z)_l.,,ﬂ).}.g(ﬂ] U} (5.215)

Formula (5.202) in split form becomes
() [1+ (o= (1=y)rd)) ujntt = [14+(o+y,rA)82+rC82
+0r(A8:8;+8.C8; 4 2rB(Cy(a'D+0®) +-(1/2— C, )o@+ 6O ul.m
(i) [1+(0—(1-7|)rC)3§lu7j,'.' = u,";'"+'+[(o—(l—y,)rC)Sj]u;",,, (5.216)
Using (5.153), we obtain the intermediate boundary values from (5.216 ii)
and write
Ut = (14— (1= )rC)8gyH!
~[e=(1~-y)rCl8dgr,,, (I, mEI. Ra (5.217)

5.7.5 Three level methods )
We write the three level difference approximation to (5.201) as
[14(e=pir )3 [1 +(o - pyrC)8yy it

_ 43( - ;:) [1+(o+pard)82] [1+(0+psrC)8%ur,,

+'—_§y'; L [1+(o-+psrd)82 [14+(o-+pyrCIBlu
— &Y '

4(1-y)
2Y 1

- [p§+ 3:2—7'1403 ] r’AG;C8§ upt

1
+ 54 [oroms (4~ ) amsam]

[@=yu, = (1 =) u},] (5.218)

2(1=71+v,) py =212
3=, 2(1-vy)

2y,
2}'1 -1

where =

and Py =
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The difference scheme (5.218) has order of accuracy (A24+42) for vy, v;, v
and C; being arbitrary. The stability of the formula can again be discusscd
by the von-Neumann method. To show that the roots of the characteristic
equation governing the three level formula (5.218) lie inside the unit circle.
we make the transformation ¢ = (1+z)(1—z)-! and apply the Routh-
Hurwitz criterion. The transformed equation reduces to

ve22+viz+vy = 0 (5.219)
— 8r . 0,/1 ozh_l. L 8]’2 . 02h )2
where vy = 3—27.{(‘/'4 sin =5~ cos 2 VA cos — sin —i—
0,h 6,1

+I(1—40)(A+C)—2B(4C, — 1)] sin? 5 sin? 2

1_ — R2 20|/I .202,1
+A(AC B?) cos - sin 5 1

3 )( 1—-40 sin? -a;—h)+2(l —Y)v2 ;

4 .
vy = 372;‘-(1—40 sin

and v = [2'VR(3—271) sin 2-2'—/' sin %—h

(3-2y, 2

2r(1 —27|+472)( g 0,h 2 0,k . 2 0,h 2 N}
+ 3-2y, A sin — cos? 5=+C'sin -5 cos -—2—)

2
(1-40)(1-2y,+4 . GOl 0
+2r[ . 5-;23,’1-"-—'-73-’3)(,4+C)+2B(4c.—1)]sm’-",_émz -

- 2—(3— -
+ [1&71izzl ~(3=2y,)* ] 4r2 AC sin? o_g.’ sin2 O3

1 B 0.4,
+ G2, )z[(] - A—C)+2(l =73 =2yy)~1 ] cos’%‘—h cos? 5

+ %l:—z%:)[(l —40) (sin’ %—h cos? %!’- +cos? ?’ sin? 0_;[,)
+(1~40)? sin? sz_' sin2 222—"]
Hence the three level scheme is stable if
71 < L1 =2y,+4y, > 0, 23=-571+2y)—1 = 0
16(1 =74y~ (3=2y)* > 0 (5.220)

and o < -1—-, |4C—1 ] < min[l—-4o,“—4o)(l—27l+4‘)'z) (5.221)
4 3‘—2)’]
1

1 1 i
o 9= B>0,C < 5 B<0,G By (5.222)
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TABLE 5.6 MaxiMum ABSOLUTE ERRORS

1 1 1
A= ”B-T’ C=2 7,-7, Cl--z-;'rwousvt-:l.s

Time 1 1

1
-—— ——
Steps 3 4 0

L L R
iz 8 3

0.5 10 0.0046  0.0030 0.0018 00035 0.0043  0.0051  0.0068
20 0.0009  0.0006 0.0003 0.0006 0.0008  0.0009 0.0012

1.0 5 0.0000 0.0016 0.0066 0.0083 0.0091 0.0099  0.0116
10 0.0000  0.0003 0.0012  0.0015 0.0016 0.0018  0.0021

5.0 1 0.1050  0.1095 0.1237  0.1287 0.1312  0.1338  0.1390
2 0.0147  0.0159 0.0202 0.0218 0.0227 00236  0.0254

* Mckee-Mitchell's method

TABLE 5.7 MaxiMum ABSOLUTE ERRORS

1 1 1 1 1
A= 35 B = 73 C= T TWO LEVELS ¥, == —~, C, = —; THREE LEVELS

2 4
5—4/5 1
Y = 4‘/ y Vg m TY[

(all digits are to be multiplied by 10-%)

G

Time 1 1 1 1 1
T Steps Levels By 0 12 g 6 3
0.5 10 2 2.14 0.71 0.18 0.09 0.39 1.13
3 2.00 0.68 0.20 0.05 0.31 1.01
20 2 4.01 1.33 0.34 0.16 0.68 1.85
3 3.90 1.34 0.39 0.09 0.59 1.72
1.0 5 2 2.11 0.67 0.15 0.13 0.43 1.17
3 1.82 0.62 0.18 0.05 0.29 0.94
10 2 3.95 1.26 0.28 0.23 0.75 1.92
3 3.74 1.28 0.37 0.09 0.57 1.67
5.0 1 2 1.86 0.39 0.15 0.44 0.77 1.61
2 2 3.47 0.73 0.27 0.79 1.32 2.54
3

2.49 0.83 022  0.09 0.41 1.25

5.8 ADI METHODS FOR EQUATIONS IN THREE SPACE
VARIABLES WITH CONSTANT COEFFICIENTS
Consider the heat flow equation

ou 0%, Py oy
F =$2 a—yz 772 (5.227)
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in the region R=Rx[0<t<T
where R={x,y2;0<xy2z<1}
with the initial and boundary conditions
u(x, y, z, 0) = f(x, y, 2), (x, ¥, 2)ER
ulx,y,2, 1) = g(x,,2,1),(x, ,z, DEIRX[0 <t < T] (5228)

whe dQ is the boundary of R. The mesh sizes are h, k in the space and time
coordinates respectively, where Mh = 1, Nk = T, and so the nodal points
are given by

Xn = Ilh
Y = IZh (Ilv 12! 13 = 0) 1, 27 sty M)
i3 = I;h

th = nk, n=0,1,2, .+, N) .
Ql. = {(Il, 12, 13); I|, Iz, 13 =1, 2, ey M— 1}
Py ={U ) h=0,M b =12 .., M-1}
HR = h=0,MI,5=12,...M-1}
0:Rn = {(, I, by); b = O, M; I, l, = 1,2, ..., M—1}
3,:Ru= {1, b, by; h=0,M; s, =0, M; , = 1, 2, ..., M—1}
0 ®u = Uy, b, b); [, =0, M; 5= 0, M; I, = 1,2, ..., M—1}
3,,..%. = {(Il, Iz, Is); 11 =0, M; 13 = 0, M, 13 =1, 2, .., M—l}
Oxy:Ru = {(hy, b, B); Iy = 0. M; [, = 0, M; I, = 0, M} (5.229)
with 0Rs = L0 Ra+ s R+ Lxys0 R
Let ul,, 1, 1, denote the approximate value of u(xu, Yn, 21, 1s) and be written
as u".
If we take first order approximations to G(P;) and F(p;) then the two level

explicit and implicit difference schemes of order of accuracy (k-+h?) for
(5.227) can be obtained as

g+t = r(83+8)+ 8 )ur (5.230)
and Partt = r(83+8)+8])um+1 (5.231)
The Crank-Nicolson two level difference scheme for (5.227) is obtained if
a second order rational approximation to F(p,) is used in (5.31). The diffe-
rence scheme of 0(k2-+A?) is given by
\-1
( 1"‘—%' V:) VrllmH = r(83+8§+83) ut!

or o= b L G W) (5.23)
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which may be written as

( -7 8,3)( -4 ai)( -2 83) un
A SR\ VAR A G
- ( 1+2 s)( 1+2 s)( 145 6_.)u (5.233)

If we operate on both sides of (5.232) by (1482/12) (1485/12) (1482/12)
and group terms correct to 0(k2-+h32), we obtain the Mitchell-Fairweather
formula )

["%( "ls) 8-3][ “‘; ('- é—) 8?:”: l—-%—(r-——:)—) 5_3] -
[+ 3+ 3) ) () 8] 1) ]

(5.234)

The stability requirement of the difference scheme (5.230) is 0 < r < 1/6.
The difference schemes (5.231), (5.233) and (5.234) are unconditionally stable.
The use of implicit schemes requires the solution of simultaneous equations
at every point in the three-dimensional region for each time step. Although
for the solution of these there are some very effective methods, this is
nevertheless a formidable problem. We now introduce ADI methods which
are unconditionally stable but with a greatly reduced amount of computa-
tion required for the solufion at each time step.

The ADI methods for three space dimensions are the three step methods.
The Douglas-Rachford ADI method for (5.227) is

on+l :
(i) LT_".' = % (82u*m*1 4 83yn 1 82m)
B "*‘n+l__u\tn+l \ 1 . 1 .
(i) ——f—— = 7 St o 8
n+l __  kknt] .
i) I = E‘z-szwl-hl, 8 (5.235)

where #***! and u****! are intermediate values.
'Eliminating the intermediate values in (5.235), we obtain
Ul = o p (854 854 8D)umH — r2(8383+ 8387+ 8183)(umt! — )
+ 82828 - ) | (5.236)

It can be verified that the difference scheme (5.236) has the order of accuracy
(k+1?).
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Alternatively, (5.235) may be expressed as

o+l __,.n
@) e hiz (B2usnH1 824 5%m)
wenyl
(ii) u__"_;—zi" = h-%— (8§u‘n+l+3§unn+x+5fu.)
iy Ymut 1 s, 2 eanily g2+l
("l) —-——l—c——- = -5 (qu Il+l+8yu B4 +82un+) (5237)

Equation (5.237 i) is the same as (5.235 i); the difference between Equa-
tions (5.237 ii) and (5.237 i) is equation (5.235 ii); the difference between
Equations (5.237 iii) and (5.237 ii) is Equation (5.235 iii).

The Douglas ADI method which gives rise to an unconditionally stable
difference scheme but which has the accuracy of the Crank-Nicolson scheme
(5.232) or (5.233) is .

il
u_Tu_" - .}_}2 [_%_ Si(u*"“+u")+8§u"+3,2u" ]
*hntl__,.n .
(ii) “_._k__“_ = ;,'!: %33(utn+l+un)+_12_ 3§(ut-.+|+un)+3§uu]

utl—yr 11

i) = | 5 bt 5 Bt 4|
(5.238)

The algebraic equations for 4***+! and w**! can be simplified by subtracting
- (5.238 i) from (5.238 ii) and (5.238 ii) from (5.238 iii) respectively. After
rearrangement, the resulting equations become

Q) (82— 2 )umnss = - (8242842824 2)w

(ii) (Sf— __rz_) Ut = s _"2_ y*n+l
(iii) (83— %) w = hn— -f— urent (5.239)

The intermediate solutions «***! and u***+! can be eliminated, using the
last two relations of (5.239). The resulting difference equation is

U™ =yt -;—r(8i+8§+83 J(u"‘"‘+u")-—-‘%— rAEI8;+ 8787+ 838 3) (w1 — %)

- P82 ) (5.240)

The Brain ADI method has also the accuracy of Crank-Nicolson method.
This method has thg/following steps:

WPt A 2 e g2 2,

(l) ——k/Z_ = 2 (sxu +8yu.+sxu)
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Similarly, we have

mi1y 1)~ ms
Z(XQIH-I];, t) =u(xx:;ll ) ul(x 1)

pix, t)

x-
Xmiy ; x
1 T g |
-— Xmiyp j p(x, 1) I K(ll, S, I) ds (5.250)
dx__ xa Xmi1/2

I px, 1)
Xm

Substituting from (5.249) and (5.250) into (5.248} and integrating between
the limits (n, #41), we obtain the integral identity as follows:

tegy
I u(xn;c+1. )= u(Xm. t) di—
1 ! dx
Px, t)
Xm
N ' tosr Xtz
I u(xm;:)-u(xm—p D = [ dt I K(u; A, 1) dA
Ia j dx In Xm—1/2
p(x, 1)
Xm—y
tayy d Xmy d X
t X ‘ .
+ Xmyy p(x, t) I K(u, 5 ') ds
ta dx Xm Xmi1ls
p(x, 1)
xm
ltagy d Xm X X '
_ ’ I dx I KGu; A, 1) d (5.251)
X P(x, t)
I I dx Xo—y Xmyla
p(x, 1)
Xm—y

The integrals in (5.251) may be evaluated by the quadraturc formulas:
fasy

] F() dt = K fOn) £ =y (i )]
I

ln!]

I f)g'(t) dt = [y\ft)+ (1 =y ) (tas Dlg(tne) = 2(2.)]

I .
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where v;, 0-< ¥, < 1 is a parameter,
Xm Xmiy
cdx o, 1 I dx _, 1
$(x) = " Hxm-112)’ $(x) T 7 P(xma1y2)

X m—y

Xmir/a

$(x) dx = h$(xm)
Xmefs
Xm X
| 3 | woa=
Xm-y Xm-1/3

Xmiy X

,,f(% j Ws) ds = 0

Xm Xmi1/s

“Equation (5.251) can be simplified to

n+l_ n
[(1—yent! +vicm]) ==

(l "'}'l) n4l n+l n41

[Pm—l 2Um—1 "(P m— lz +Pntl”2)u"+l + Pm+t lzll':pl++-ll]

- ?—'f {pm-1j26m-1 = (Dm-172 +Pms12) tim ~+Pm1 2tim+1}

H(1=y)git utt oy gm um = (I—=v)RH v, (5.252)
where Ptz = P(Xmi1i2, tn), C = (Xm, tn),
gm = q(Xm, tx) and hm = h(Xm, tn),
which may be rewritten as

[(1 =)t +yicmlzaumt = (1 =y )rd<(pm 8 xum™)
n+l n+i

+yir8 (prdstim)]+(1—y)kgm' tm  +¥1Kqm tim
= (1= ykhnt" +y ki (5.253)
The truncation error of the difference scheme (5.252) or (5.253) is given by
wrn =~k (4 'y.)c...( Su Y, -ote+h) (5.254)

The values y,=! and ¥, = 0 give the exphcnt and the implicit schemes of
order of accuracy (k+h?) respectively. The value y; = 1/2 gives the Crank-
Nicg.lson scheme of order (k24-h?). The difference schemes for the special
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1 —_
where X, = T291X1 Yms tns1)82a1 Cxr, Yo tag1)
X2 = ra.(x/, Ym, Iﬂ+l)8-:’!‘
1 _
Yi = adxt, ym, tas1)8303" (51, Yim, tusr)

Yy = ray(x;, ym, tas)83 . (5.265)
is taken as the difference replacenient of (5.263).
Expdnding (5.264) by Taylor’s series about (x;, ¥m, ts+,) and using (5.263),
we obtain the leading term of the truncation error as

TP = (YiXy= X Youls! (5.266)

where terms upto 0(4*) have been rélaincd. Therefore, we obtain the diffe-
rence formula '

(04X, - X)(1+ Y- Ya)uim

= [(1+X)(14Y)+ Y Xo— X, Y, Jul' m (5.267)
‘The leading term of the truncation error of (5.267) is given by

] az 32 1 32 1 1 86 35
nd-1 — _u —_—— ..__u_ —_— —-—u- —i‘
Tim' = k’["' axz("= 3y2) 2 o ],,... kA [240 (“' 9x8 +“’3y‘)

1 32 -1 a‘ az ~1 a‘“
~ 1 1 g (4% g ) orge (o' 52

92 _ a2 {( 9o n+1
~aZ, (a. 1y, ‘ay_z("z ta_;‘))}]l +.. (5.268)

Thus the formula retains its order of accuracy (k+4*) in two space dimen-
sions.

Using (5.257) as guide, we obtain the Gourlay-Mitchell formula of
0(k2+h%) as
[4+XT= X314 YT — Yot

={(1+XT+ X+ YT+ Y5~ 205 ¥ = YiXI )l (5.269)
where
1 - 1
Xl‘ = ﬁalszal 1; X; = "2""018:,
1 - 1
Yl* = 5028:@2', Yz¥ = —2—7'018_3

with a; and az evaluated at (x;, y,. tnt1/2)
The formula (5.256ii) in two space dimensions can be written as

n 1 n n
(1= 5 raiithat ][ 1= S-r ained s

= [1 + "%‘ ra;'l,m 8;] [l + % ’ag{,nl 8} u;',m (5.270)
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Similarly, the difference formulas (5.260ii) and (5.260iii) in two space dimen-
sions become

O (1+5- 506 )(14 1= 51 Juts
= a0+ 10+ 5 27, Jeut iz
+ S (VXa= XY )l — )

and

(ii) (H—Xr-%xz)(l‘l'Yx— 1_61‘}’2)“;:;'

= JrU+ XU+ Y)(18ufm —9ufn'+2u77)

- 6 -f % n n— n-=
+ i%er Yz_( %ul.'ﬁ—2u1,ml + -%—uz,m‘)
+ %( Y1 Xa—X2Y)(3ulm —3uim +ulm) (5.2711)

- respectively, where Xi, X3, Y; and Y, are defined in (5.265). The compact
implicit difference schemes (5.262) can be extended easily to (5.263). For
example, (5.262 i) becomes

[1- Farrozel [1- Lanor's) |urs
= [l,+ —;-'a:'Q;'Si ][H %a;Q;'sg] u'm (5.272)
where ai and a3, s = n, n+1 are evaluated at x = lh, y = mh.

5.9.3 Three space dimensions
Here we consider the equation
P &2 52 2
—a—;! = g a—xg +a2 3’);; +¢I3 '37'_'1; (5273)

in the region R = [0 < x, ¥, 2 < 11X[0 < t < T] with the initial and
boundary conditions (5.228). o
It is simple to extend the formulas (5.267), (5.269) and (5.271) to three space
dimensions. The following difference schemes are obtained respectively:
(14X, = X)(1+ Y = Y))(1+Z, = Z)u"! = [(1+X )1+ Y )1+ 2Z))
+ Y1 Xo= XY+ Z X~ XoZ + 2, Yy~ Y. Z " (5.274)
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THEOREM (Widlund) 5.2. Let (5. 279) be a consistent difference approxima-
tion to (5.278). Let

(i) the eigenvalues M, i =2, ..., v+1 of D lie in the interior of the unit
circle and if they are of modulus unity they are simple,

(u) for every B # 0 all eigenvalues of Q lie in the interior of the unit circle,
then the difference scheme is strongly stable.

To establish the stability of the formulas derived earlier, we follow the
above analysis. In Widlund’s notations we write (5.260 iii) as
2
untl = l—8u" -2 14 —-u"‘2+ Y Qpur—* (5.284)
m 11"~ 17 Um 1™ pyTTm
where

11
Qo = %Xl
0 =- X
0; = %,

The principal parts are given by

Q(l) = o= == (hD-'.x)(hD—x)"l_ ral(hD.n)(hD-;)
{0 = 5> (kD4 )(hD-,)

O = — (kD4 )(hD_,)

1
) = = (hDs)(hD_s)

Replacing now 4D ; by 2i sin (B,h/2) exp (2 1iB,h) we get

o) = —;-s 2 B2'11— 777 sin? = Bh
6 .. B
() = — —_gip2 2V
% TR
3 ., B
OV = — sin? —:;—
M = — 2 Bit
2
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The matrix D in this case is given by

18 9 2
1 7 i

D=|, ) ol 15.285)
0 1 0

It is easily verified that the two cigenvalues of D lie inside the unit circle and
one on the unit circle. Furthermore,

=00 (F+0p ) = l8n

1s,+5,
A 9 A, —9s
—OMN-1{ _ % ) = 29
t o) ( 11+Q‘ ) 11s5;+s5,
a 2 " 23
-0y = a5 ) — 451
1-of) ‘(11 +05 ) 1ls,+5,

where s; = 3—sin2 (B1h/2), 5, = 72ra, sin2 (B,4/2), then we derive the matrix
Q to be

]8S| - 9S| 2S1
“ 113] +Sz 1181+Sz ]1S|+Sz
0 t 0
The characteristic equation of (5.286) is obtained as
(1 lsl+s2)£3+18s.£2+9s,f—2s1 = . (5.287)

Using the transformation £ = (1+2)/(1 —2z) into (5.287), the characteristic
equation takes the form

Vo2’ -+ V224 V2 + V=10
where

Vo = 4OS|+S2, V| = 3(12S1+Sz)
V2=13si+s5), V=g,
and

V| Vz— V0V3 = 8(54S?+13S|S2+S§) (5288)

All the quantities defined in (5.288) are positive and we have by Routh-
Hurwitz criterion that | & | <1, 1< <3, Hence the difference scheme
(5.260) is unconditionally stable,

Next we rewrite the difference scheme (5.271 i) in two space dimensions
as

18 9 .2 2
Y ST T R S Qe (5280)
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where

Q-l = 1_(1+X1_£X2 )(1+ Yl—-lél-yz)
00 = B+ x4+ ¥d-11+ 121sz:+ B (XY

Qy=— "[(1+X|)(1+Y1) 1]1- 121 X2Y,— U(YIXT'XzYl)

Q2=ﬁ[(1+Xl)(1+Yl) 1]+ X2Y2+ (lez -X;Y)

We find ,
l'18 * 9 2 e 11
S+3S St SiteS
R s*+s,+s, STES:+S;  S;+S:tS: ,
Q= €5.290)
1 0 0
L 0 1 o
where

St (1—-— sin? Bik )( ; sin? Boh ),
Sz=-2-5 (l-—; Ez—) sin? B’

n’
__l_.zﬁzh) .zﬁlh]
+(1 3 sin® —= a, sin - |

S; = ﬁ? riaia2 sin’—ﬁ%ﬁ‘ sin? -%h

The characteristic equation of (5.290) is obtained as
1I(S]+ S5 fs—(nss;+§2§s, ) £
+(987+2253) f—-(2S:+‘—21-S3 ) =0 (5.291)

Substituting ¢ = (1+2)/(1—2) in(5.291), we obtain

Vo3 + V22 +Vaz+ V3 = 0
where

= 108;+ 53 +3S5

V, = 95,+3S2+S%

Vz = 3S|+3S;’

Vs= Sz
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with ) .
Sy = 48T, 1185, = S3, 2255 = S;
Again, all the quantities ¥y, V;, ¥, V3 > 0 and
2757 +265,53435,55+853 >

and we have | §; | < 1,7 =1, 2, 3. Thus, the difference scheme 6. 27111)
is unconditionally stable.

5.9.5 ADI formulas

In order to facilitate computations, thc difference schemes can be rewrit-
ten in a split form. The intermediate boundary values on R can be deri-
ved from the split equations. We write below some split formulas in two
dimensions.

The two level formula (5.267) of 0(k--42) can be written in split form as

A+X1= XJupndt = (X2 Y Xou?,,

(I+Y = Yuitt = w1+ Y, (5.292)
The intermediate boundary values are given by
gt = (1+ Y, =Ygt = (1+ Y))gr,, (5.293)

Formula (5.269) may be expressed as
(X = XUt = [(1+XP)(1+ Y2+ Y3
~(X3Y =YXk,
(A+Y[=Y)ultlt = 27— (14 YT+ Y)ur,  (5.294)
with the intermediate bouadary conditions
gimt! = WY I= Yot 4 41+ Y+ Y )or, (5.295)
Formula (5.270) can be written as

(1~ gt #)uist = (145 ,082) (145 a3.053)

(1——2— ain % ) Ul = U (5.296)
with intermediate boundary conditions
gm! = (1 ~ 5 ah 8§)g,":,’ (5.297)
The three level formula(5.271i) of 0(k2+-4*) can be splitted as
(1+X1—'§—Xz)a;:;'+l = —g—Xz(l+Y1+—§‘Yz)(4u,m u;';')

2
+ T(Y.Xz -X2 Yl)(zu;',m _uf;rl)

(1+Y.- Z Yg)u;',*' = U A Y ir, — ) (5.298)

Im
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To derive implicit difference schemes, we use rational approximation to
derivatives in (5.300) and write as

[(1+780) 187+ r2(1 4 B2+-,5%) 1 . — o
or
[1+B8% (B, +7r2)8%) 82ui +r25% 4 — (5.310)
where B, B, and 7 are arbitrary parameters, Substituting the relations

2 2pay. IAoe 16 12
Su(Xm, tn) = —p D 15D 35 D2 +...

2 2
8 81, 1) = —r2p5 — éop,%(ﬂ—s%) Do ..

M =pir Lpsr 1 1 17 o
Bxulam, 1) = DI+ --DE+ D1t 3024025+ -

2
8387U(Xm, ty) = —r2pt_ %DLO—...

where

. 'y /"
LR X hdlld
D} =p 5 |

into (5.310) aud simplifying, we get the truncation error

n 1 Su\* 1
7o = =8 s aw) (- )

* i L 2 Pu\ i(_l 4
+(E Ay 12'3)’ ]"’(a*xa)m-r[6 2/3—1')r
-1 1gY2y 17 7 lo(alou )n
6 (ﬁ‘+60ﬁ )' +30240' Tx10 Jm T oo (5.311)
From (5.311) it is obvious that the difference scheme (5.310) is of the order

of accuracy (k244 for the arbitrary parameters.
Using the von Neumann method, we can show that the difference scheme
(5.310) is stable if
872 sin4 95_11
-1 <1~ 7% or S1 (5.312)
1-48 sin2 —2'— +16(B,+7r2) sin4 lT

The right side of this inequality is trivially satisfied if B < 1/4 and B,
T>0,

From the left side inequality, we obtain

1-48 sin2 g’ +4(48,+ (47~ 1)r?) sine ‘22_11‘ >0
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Hence, we find that the formula (5.310) is unconditionally stable if
1 1
e —_— = e
ﬁl 09 B < 4 y T = 4 »
1 1
> —f82 = —
Bl = 4 ﬁ s T 4

and conditionally stable if

1 1 , . 1-48
= —B< <

ﬁl 0. 1'< 4,B< 4, 0<f \4(1_47)!
~1lg 1 2 (1287

Bi=gfhr <3, 0<r < ga=a

The stability region is shown in Figure 5.10. The parameters B, B, and =
may be so chosen that the difference scheme (5.310) is not only accurate
but also stable. From Figure 5.10 and Equation (5.311), we find that the
values

_ 1 - 1 >
B = ¢ Bi=0 or >4B and 7>

-

/
s’
ncondit ionully/

"é Conditionally
Stable /,%{bl/e//
77
0 ‘i:lf l/,' .’2_. T

Fig. 5.10 Representation of stability region

give unconditionally stable formulas. In particular, for B=1/6,v=1/4,
B, = 0 or = /4, we get unconditionally stable formulas which have the
minimum truncation error from the class of formulas with order of accuracy
(k2+h*). Thus, the optimal formulas are given by

0 ( 144 8+ rza;) 82un 4 r28%un = 0

(i) ( 1+ sg+(&4+%- rz) s;) $2un 47284y =0 (5.313)
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m=1, u‘2 == Zu}—-u?— %—(u'_l—-4u<')+6u}—4u;+u§)

= =24576 =—0.0153
m=2, u: = 2u;—ug— —;—(115—4u}+6u§—4u;+u1)
" Y.

m=3,u} = 2uj—ul— %—(u}—4u;+6u3'—4u1+u§)

- 377 _
=~ 24576 — —0.0153

n=2u}~2+u + —i—(uﬁ.—z—4u3.-|+6u3.—4u3.+1+u§c+2) =0
1<m<3
= 2u}—ul- —%(1431—4u§+6uf—4u§+u§)

s8]

== 2915 =-0.0118

m=2,u}=2ul—u}— —‘l‘—(ug-4uf+6u§—»4u3+u3)

_ 203
12288

-0.0165

m=3,1 = 2—u}~ %-(tcf—-4u§+6u}—4u3+u§)

_ 58]

=~2915 =-0.0118

The Albrecht method, for r = -:12— becomes

20" =21 i 1)+ (b D)+ 20 = 2un i+ i) +2um = 0

This is a 4-step method. We use the Collatz method to start the computa-
tion,

We have

n=13, 2"2: —2(u3.—|+u3.+|)+(u,2n-z+ U$u+2+2u'zn)
= 2ttm—14Uba1)+2u% =0 1

A\
3
N
w

l
m== 1, u = w+ui— SOt ud+ 2ud)+ubtul-of
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__ 189
24576

m=2,u = ubu— S+ 2+l —ud

=—0.0077

273

-=-§4—5-7—6 =-0.0111

m=3,u} = B+ui— %—(u3+u§+2u§)+u;+u£—u‘s’

' 189
= 2-4_5—7—6 = —0.0077

The Conte method for r = —;— becomes

A = 20— s — 2um et

A 21— 2umFtim—3 )= ( un - 2 )

Fulhm2— AUt 4 6tim—dtims1 Fumaz =0 1<m<3
We have ‘
n=0, -2u:u+1+l2u}..—2u:n-t+u?n_-z—2u2.-|—6u2.—,2u?u+1+u2-+z =0
1<m<3
m =1, — 20120 — 208+ uy — 208 — 6uf — 2ud+u3 = 0
vy 502 '
Sui—uz =" ¢1aa
m =2, — 2+ 126h— 2l -+ — 208 — 613 —2u3+ug = O
708
—ul+6ui—u} = ~ 6144
m=3, —2u'4+12u'3—2u'z+u?—2u‘z'-6ug—2u2+u? = 0
byt = — 02
wtbus =—gg
The system of equations may be written as
6 -1 0 u 502
1
-1 6 —I ur | ="giaa| 708
0o -1 6 u} 502

Solving we obtain
W =—0.0178, uh=—0.0251, u5=-00178
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Using the above difference schemes we find the qQuantities 2, and w. The

function values 42, may be obtained from o7, and Wm using the Numeroy
method ‘

2
i~ 24, g = 12 W1+ 10w +-wh_p)
with local truncation error of 0(/%) or a high order method
' 2
Um 1 =2 syl = 1"7(w:,+,+10w,¢,+w:,_1)

h? n
- FO)T 8§(v,,, - vl':l l) (5.327)
with Jocal truncation error of 0(/8).

5.10.3 Results from computation
We have solved (5.300) together with the initia] conditions

[/
460 =y Quimxioy, MO _ o0

" and the boundary conditions

u(0,1) = u(1,1) = ¢

Jd%u(1, 1)

(0, 1) -
dx2 ox?

=0, t>0
The theoretical solution is given by
u(x, t) = i: ds sin (2s+1)mx cos (25+1)272
™

where
d = 8
't (2s+ 1)’7S
The initial and boundary conditions on » and w may be derived from the
above conditions and are given by

,:((:8 ]2[ x.(_)xz ] 0<x<1
I GE A T T A R

function wu(x, t) when applying (5.325) and the Numerov method is used
otherwise. We choose & = .| and k = .02 which gives r = 2.0. The compu-
tations are carried up to t =1 giving 50 time steps. The error values
| wm~ u(xum, 1,) | are tabulated in Table 5.11. It is observed that al] points on

and
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the line 1 —2y;+4y; = 0 produce accurate results. The values y, = 1/2 and
y2 = 0 give the Fairweather-Gourlay two level difference scheme. It can be

seen that there are many values of (¥, ¥2) on 1—2y,+4y, = 0 which give
better results than the two level scheme.

TABLE 5.11 ERRORS X 10° (AFTER 50 TIME STEPS) b = 0.1, r = 2.0

(y;,Kx 0.1 0.2 0.3 0.4 0.5

(1,0.25) 0.206 0.321 0.306 0.234 0.199
(0.8,0.15) 0.225 0.399 0.319 0.229 0.179
(0.6, 0.05) 0.224 0.341 0.322 0.221 0.163
0.5, 0)* 0.254 0.372 0.339 0.233 0.174
(0.4,—0.05) 0.227 .0.345 0.322 0.213 0.151
(0.2 —0.15) 0.230 0.348 0.320 0.206 0.141
(0.0, —0.25) 0.232 0.350 0.318 0.200 0.137
(-0.2, —-0.35) 0.234 0.350 0.316 0.196 0.128
(—0.4, —0.45) 0.235 0.351 0.315 0.192 0.123
Evans method 9.224 17.545 24.128 28.331 29.974

-*Falrweather-Gourlay method

This problem has also beer. solved by the direct difference scheme (5.310)
using the values (1/6, 0, 1/4),(1/6, 1/144, 1/4), (0, 0, 1/4), (0, 0, 1/2) for
(B, By, 7) with h = .1,k = .02 giving r = 2.0. The computations are carried
over 50 time steps. These computations are repeated with r = 1/4/6 and also
using another set of values (1/6, 1/144, 1/12) for (8, Bi, 7). In this case com-
putations are carried over 100 time steps. The error values are given in
Table 5.12.

It is seen that the high accuracy scheme (5.319) produces best results. The
results obtained by using the Richtmyer method and the direct method are
comparable. The error values obtained by Crandall’s and Todd’s scheme are
much higher than the error values obtained by the other schemes.

5.11 NONLINEAR PARABOLIC EQUATIONS

We now consider difference schemes for solution of the general nonlinear
partial differential equation

u du 9
¢(x, b g 5’5‘;, ;—;‘2) =0 (5.328)
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TABLE 5.12 ERRORS X 16%, /1 = 0.1

(B, By 7 time steps 0.1 02 03 04 05
2.0 (—:,,- 0, -1—) S0 0243 0366 0340 0230 0.168
111 :
(T' @ T) 50 0253 0372 0338 0231 04173
. (o, o,-l—)' 0 0319 0619 081 1076  0.149
(o, 0, —;-)" 0 0432 0834 1178 1426 1518
1 (1 1
Vi (T' 0, Z‘) 100 0045 0050 0015 0016 0.2
111
(T’ o T) 100 0062 0061 0011 0019 0019
(o, 0, -1—)' 100 0261 0443 0547 0608 0.633
(0.0, )" 100 0230 0408 0540 0650 0702

1 1 1 :
(.5., m, Tz‘) 100 0025 0015 0007 0004 0006

*Todd’s method.
*¢Crandall’s method.

in the region R = [a < x < b]X[0< t < T] subject to certain initial and

boundary conditions. We assume that the function ¢ is continuous with res-

pect to all six of the arguments and that du = a* > 0and ¢u.. < b* <O0.
A general two level finite difference approximation to (5.328) is given by

| xm, (1= ¥ twt7stur), (A =yuir+visi’),

n+1

(um k—um)’ _711_ pd((1 =y )+ vium™),

81—yt y s )] =0 (5.329)

where 0 < vy <.

The truncation error arising from the approximation of (5.328) by (5.329)
is obtained in the following manner. Let Um denote the theoretical value of
u(xm, tn) and it will satisfy

¢[x,., a7, (1= Y1) U+, USY,

':+1_Uu 1 .
(T 22), L bd1—v) Us+nUE™),

;112—8.5((1—7;)0:+V1U.:*')] = Tm (5.330)



